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Energy Management of Three-Dimensional
Minimum-Time Intercept

Hendrikus G. Visser,* Henry J. Kelley,t and Eugene M. Cliff J
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

A real-time computer algorithm to control and optimize aircraft flight profiles is described and applied to a
three-dimensional minimum-time intercept mission. The proposed scheme has roots in two well-known tech-
niques: singular perturbations and neighboring-optimal guidance. Use of singular-perturbation ideas is made in
terms of the assumed trajectory-family structure. A heading/energy family of prestored point-mass-model state-
Euler solutions is used as the baseline in this scheme. The next step is to generate a near-optimal guidance law
that will transfer the aircraft to the vicinity of this reference family. The control commands fed to the autopilot
(bank angle and load factor) consist of the reference controls plus correction terms that are linear combinations
of the altitude and path-angle deviations from reference values, weighted by a set of precalculated gains. In this
respect, the proposed scheme resembles neighboring-optimal guidance. However, in contrast to the neighboring-
optimal guidance scheme, the reference control and state variables as well as the feedback gains are stored as
functions of energy and heading in the present approach. Some numerical results comparing open-loop optimal
and approximate feedback solutions are presented.

Nomenclature
CLmax = maximum lift coefficient
CDo = zero-lift drag coefficient
D =drag
E = specific energy
g = acceleration due to gravity
h = altitude
K = efficiency parameter
M = Mach number
n =load factor
nL = lift limit
wmax = structural limit
q = dynamic pressure
S =wing area
t — time
T = thrust
V = velocity
W = weight
x — downrange
y = crossrange
7 = flight path angle
t\ = throttle setting
/i = bank angle
X = heading
Superscripts
( ) * = optimal value
Subscripts

OD
O/
( )/*
( )o
( )ref

= value at dash point
= final value
= feedback value
= initial value
= reference value
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I. Introduction

DURING recent years the possibility of onboard real-
time generation of guidance commands for aerial-

combat missions has received considerable attention. In par-
ticular, several schemes for the minimum-time intercept of a
target flying a completely defined maneuver have been
developed. The solution to the two-point-boundary-value
problem (TPBVP) associated with the intercept problem is
typically found in open-loop form. However, onboard, real-
time guidance generally requires the optimal control solution
to be expressed in a feedback form. For this reason, approx-
imate near-optimal closed-form feedback solutions are
sought.

In this paper, an approach to onboard real-time calcula-
tions for a long-range air-to-air intercept mission in three
dimensions is described. In this type of mission, the initial
separation between the interceptor and the target is assumed
relatively large, so that at least a portion of the interceptor's
trajectory is flown at maximum velocity, i.e., a dash or
cruise-dash arc is present. A guidance law is then developed,
providing the interceptor a time-range-optimal turn-climb to
the dash point on the flight envelope, fairing into a steady-
state cruise-dash. The terminal maneuver following the turn-
climb-dash sequence is not considered in this paper.

Several approaches to obtaining approximate closed-form
feedback solutions to the target-intercept problem have been
reported in recent studies. One approach of interest is based
on singular-perturbation theory.1'2'3 This approach takes
advantage of the time-scale separation of the state variables
by separating the dynamics into slow and fast modes (bound-
ary-layer structure). Another approach to the intercept pro-
blem is by neighboring-optimal guidance technique.4'5'6 In this
approach, perturbation feedback control, i.e., control in the
vicinity of a reference path, is considered. The resulting linear
neighboring-optimal feedback guidance law controls the air-
craft such as to follow a neighbor of the reference extremal. A
third approach proceeds by flooding the state-space with ex-
tremals. A closed-loop controller is then synthesized from the
open-loop results.7'8

The present approach, first sketched in Ref. 9, has roots
in all three approaches just mentioned. The proposed scheme
can properly be considered a singular-perturbation approach
since it is based upon a similar hierarchical (multiple-
boundary-layer) structure. It also resembles neighboring-
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optimal guidance since it utilizes similar linear feedback laws
to generate transients to the vicinity of a reference solution.

The present effort was encouraged by an earlier study in
which the concept was applied to a climi>dash intercept mis-
sion in two dimensions.10'11 The extension of the analysis
from two to three dimensions is far from trivial. Essential
points of difficulty include the substantially more involved
numerical resolution of the TPBVP in the case of the three-
dimensional problem and the identification of an ap-
propriate hierarchial family structure.

II. Problem Statement
Equations of Motion

The equations of motion for a point-mass model of an air-
craft can be written as

(la)eosx

y = V COSY sinx

h = V sin7

where

7= (g/V) [n cos/*- COS7]

X = (g/V) [n sinfji/ cosy]

V=(2g(E-h)]»

(1C)

(Id)

(le)

00

(2)

is to be regarded as eliminated in favor of E and h. These
equations embody the assumptions of a constant- weight
vehicle, with thrust directed along the flight path and a flat
nonfotating Earth. The equations of motion are written here
in a fixed coordinate frame that has its origin at the intercep-
tor's final position and its x axis aligned with the projection
of the target's velocity vector on the horizontal plane. The
heading is measured relative to the x axis. The target is
assumed to be traveling on a constant course. The control
variables in these equations are n, /*, and 77.

Aerodynamic and Propulsive Force Models
The aerodynamic and propulsive forces are assumed to

have the following form:

(3)

(4)

(5)

(6)

where D0 is the zero-lift drag:

D0=qSCDo(M)

and Df is the induced drag in level flight (n = 1):

Di=K(M)W2/qS

The following constraints on the control variables are
specified:

(7)

(8)

(9)

(structural limit)

n <nL = (qS/W)CLmax (lift limit)

In the numerical examples, a realistic aircraft model, repre-
sentative of a high-performance fighter, is used.11

Optimal-Control Formulation
The optimal-control problem is to determine the controls

i?*, «*, and n* such that, starting from the initial conditions

x(t0)=x0 h(t0)=H0 E(t0)=E0 (lOa)

y(t0) = -Yo x ( t d ) = X o (10b)

the interceptor reaches the final conditions (cruise-dash
point)

=0 h(tf)=h

E(tf)=ED

Ola)

(lib)

in minimum time tf (see Fig. i). Note that the initial condi-
tion y(t0) and the filial condition xU/) are not prescribed.
The reason for this will become apparent in subsequent
analysis; it will be shown that using this formulation it is still
possible to reach (asymptotically) the desired final heading
*<//)= 0..

The necessary conditions for optimality include the adjoint
differential equations and transversality conditions

X,= -
dH

**=-

X£=-

X7 = -

dH

8H
dx

dH
dh
dH
dE
dH
dy

1=0

dx
>=0

(12a)

(12b)

(12c)

(12d)

(12e)

(12f)

where H is the variational Hamiltonian, formed in the usual
fashion. Since the system is autonomous and the final time tf
is not prescribed, there is a first integral (Mayer formulation)

//=-! (13)

Substantial simplification of the TPBVP is obtained by the
analytic integration of the adjoint Eqs. (12a), (12b), and
(12f). Using the transversality and final boundary conditions
of Eq. (lla) results in the following expressions:8'12

\x = constant (14a)

X, = 0 (14b)

\x=\xy (14c)

Going one step further, we can solve for \x in terms of the
parameter \x(tf) by evaluating the first integral Eq. (13) at
the steady-state final condition:

H\t-tf\ = \XVD cosx(fy) = -1

from which

(15)

(16)

Assuming that an optimal control solution exists, the
Minimum Principle can be used to express the optimal con-
trols in terms of the state and adjoint variables. The
TPBVP, determined by the system of state and adjoint equa-
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tions with the appropriate boundary and transversality con-
ditions, can be solved in open-loop form using some iterative
numerical method. In the present effort, solutions are
generated using a highly accurate Multiple-Shooting Algori-
thm (MSA).13 Such solutions are presented in Sec. IV.
Closed-form feedback solutions can be obtained if the in-
tercept problem is treated in reduced-order (so-called
"energy-state") approximation.

HI. Energy-State Model
Singular Perturbation Approach

In the energy-state approximation, order-reduction is ob-
tained by letting h, 7—0 in Eqs. (Ic) and (le), resulting in
the algebraic constraints

7 = 0

«=!/ COSfJL

(17a)

(17b)

The remaining four state Eqs. (1) form the reduced-order
system. The control variables in the energy-state model are rj,
jit, and hi Since the geometry of the intercept remains un-
changed in the energy-state mqdel, the expressions for the
adjoints, Eqs. (14), are still valid. As a result, only one ad-
joint equation (governing \E) needs to be integrated in the
energy-state model. If we consider symmetric flight only
lp(t) =0], no adjoint equations need to be integrated at all.
In Ref. 14 it is shown that for the so-called energy-range
climb (fixed-range, minimum-time energy-state solution),

(18)

The right member of Eq. (18) is clearly singular when
evaluated at the steady-state dash-point. In the energy-state
approximation, the equilibrium point is reached only
asymptotically.

Extremal-Field Solution
The particular form in which the energy-state model is

written, allows a family of trajectories to be generated using
an extremal-field approach. Starting from the terminal con-
dition, the state-Euler equations are integrated backward in
time, with an assumed value for the final heading. By vary-
ing the value of the final heading, the state-space is flooded
with extremals. The final value of X£ is obtained by
evaluating Eq. (18) in the energy-range climb [it is recalled
that \(tf) =0 for the turn-climb trajectories].

General Features
In Fig. 2, several extremals in the (V,h)-space are

sketched. In Fig. 3, some ground tracks are shown. If final
heading is chosen identically zero, the (symmetric) energy-
range climb path is obtained. The remaining members of the
family (obtained by very small variations in the final
heading) all reveal a similar behavior in retro-time: starting
from the dash-point, the trajectories closely follow the
energy-range path (in near-symmetric flight), but when the
turn is initiated, altitude increases (possibly discontinuously)
until the corner-velocity locus is reached, the trajectories
will subsequently "ride" along the corner-velocity locus,
with heading-to-go increasing in retro-time. This corner-velo-
city locus is a unique curve in the (V,h)-space characterized
by a maximum instantaneous turn rate at each energy level.1
The optimal throttle setting generally is full thrust; however,
for large heading-to-go, throttle switching may occur.

It is observed that the turn-climb trajectories lie almost en-
tirely within a corridor formed by the corner-velocity locus
and the energy-range climb path. A similar corridor was
noted in the energy-modeled study of Ref. 15. The behavior
demonstrated by the extremals is fairly transparent. In the
optimization process, the optimal tradeoff between the cori-
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Fig. I Steady-state flight envelope and dash-point.
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Fig. 2 Energy-state solutions in the (V,/0-space.

flicting requirements of a high turn rate and a high energy-
rate is established. It is evident that for large heading-to-go,
the turn rate is emphasized, and hence control actions are
such that flight is on or near the corner-velocity locus. As
heading-to-go is decreased, the emphasis shifts toward high
energy and range rates, and the control actions are such that
the flight is directed generally toward the energy-range climb
path.

It is possible to express the family of energy-state solutions
in a feedback form: h*-h(E,x), p* =n(E,x), and
rj* =ry (E,\). The energy/heading family of energy-state solu-
tions is seemingly an attractive candidate to serve as a
"reference family" in a feedback-guidance scheme. Unfor-
tunately, however, the energy-state model exhibits several
undesirable features that impair the suitability of this model
for such an application. The most unrealistic features in the
energy-state model are the instantaneous jumps in altitude
occuring sometimes internally as well as at the endpoints (to
meet the boundary conditions) and the fact that the ap-
proach results in zero flight-path angle approximation.

Singular-perturbation techniques may be used to overcome
some of the weaknesses in the energy-state model. Boundary-
layer corrections can be used to generate smooth transients
from the endpoints to a member of the reference family.
However, this is by no means a straightforward procedure.
There is currently no rigorous method to identify time-scale
separation in nonlinear dynamic systems. In most singular-
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Fig. 3 Ground tracks of
energy-state solutions.
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Fig. 4 Point-mass-model state-Euler solutions in the (V,/0-space.

perturbation analyses, a boundary-layer structure is assumed
based on ad hoc time-scale separation judgment.16 If all
dynamical equations are ordered on separate time scales, it
may be possible to obtain a closed-form feedback solu-
tion.2'3 However, if altitude and flight-path-angle dynamics
are considered on separate time scales, these dynamics are ef-
fectively decoupled. It is well-known that altitude and flight-
path-angle dynamics are actually highly coupled.17 On the
other hand, if altitude and flight-path-angle dynamics are
considered on the same time scale,1 the boundary-layer solu-
tion is not obtainable in feedback form. Internal boundary
layers pose even greater problems.18

IV. Point-Mass Model
Reference Family
The alternative procedure proposed in Ref. 9, which

avoids many complications but is still simple enough to lend

120
SPECIFIC
ENERGY
E (kft)

100

80

60

40

20

X =ln( X /ISO)

-10 -8 -6 -4 -2

o008 .060 .446 3.297 24.36 180
HEAPING-TO-GO |XI (°)
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itself to onboard implementation, is now developed for the
three-dimensional intercept mission. In the proposed scheme,
a hierarchical structure similar to that of the energy-state
model is assumed: the trajectories of an energy/heading
family (reference family) funnel into a steady-state cruise-
dash, and the trajectories of an altitude/path-angle family
(boundary-layer transients) funnel into individual members
of the energy/heading family.

Rather than using energy-state solutions to build up the
reference family (as in the singular-perturbation approach),
the present approach uses a family of point-mass-model
state-Euler solutions. The energy-state solutions are used to
select the initial conditions for the individual point-mass-
model trajectories that form the reference family. Since we
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Fig. 7 Solution in the (V,/t)-space for example intercept mission.
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desire a reference family extending over the widest range of
energy and heading possible, the initial heading-to-go for the
individual trajectories is selected as 180 deg (this choice pro-
vides us a complete 360-deg heading range due to symmetry).
The energy-state solutions suggest a zero initial path-angle
and an initial altitude on the corner-velocity locus. It should
be noted that a different path-angle estimate is produced if a
different selection of "slow" and "fast" variables is used in
the energy-state analysis. This is shown in Ref. 19, where a
transformation of state variables is proposed with the objec-
tive of enhancing time-scale separation. Investigations along
these lines are of future interest. Initial range-to-go is
selected sufficiently large to allow an asymptotic approach of
the equilibrium point for each individual member of the
family (700 kft). Since we assume the behavior of the point-
mass-model trajectories to be similar to that of the energy-
state model, we anticipate heading to asymptotically reach
zero, and, with the prejudice of foresight, Eq. (16) is re-
duced to

Numerical Solution of the TPBVP
Using the results of Eqs. (14) and (19), the TPBVP is

reduced to a set of 10 differential equations, nine of which
are given by Eqs. (1) and (12c-12e). A tenth differential
equation results if the parameter
variable:

tf is treated as a state

(20)

X =- l /Fn (19)

The 10 boundary conditions needed to solve these equations
are given by Eqs. (10) and (11).

As mentioned earlier, state-Euler solutions are generated
using a multiple-shooting algorithm (MSA). The main ad-
vantage of this method is that numerical-error growth is sup-
pressed by dividing the integration interval into a number of
subintervals. Since the state-Euler system associated with the
point-mass model is highly unstable, this is an important
feature. A similar advantage can be attributed to the special
form in which the TPBVP is formulated. Despite the fact
that zero final heading is desired, this parameter is not for-
mally prescribed in the present effort. The special form in
which the problem is formulated allows the desired final
heading to be reached asymptotically. If we do specify final
heading, the initial value of the heading adjoint must be
iterated upon. The state-Euler system is extremely sensitive
to this parameter, and severe stability problems result.11 In
the present approach, the initial crossrange is iterated upon,
and no serious stability problems have been experienced.
One of the most important contributions of the present
research effort is that the heading adjoint, a major source of
stability problems, has been eliminated from the problem by
paying careful attention to such aspects as the location and
orientation of the reference frame, the stipulation of bound-
ary conditions, the closed form integration of some of the ad-
joint equations, and the use of first integrals.

Some of the point-mass trajectories of the reference family
are shown in Fig. 4. The energy management features
observed earlier in the energy-state model are validated by
these point-mass model results.

V. The Feedback Solution
Guidance Scheme

The next step is to generate a near-optimal guidance law
that will transfer the interceptor to the vicinity Of the
reference family. A closed-loop controller, based on the
linear feedback of altitude and path-angle errors (where er-
ror is defined as the difference between the actual and the
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nominal value), is designed along the lines contemplated in
Ref. 9. The resulting feedback laws are

nfb=nref(E,x')

dn
~dh

dn
dy

(E,x')[h-href(E,x')]

(21a)

path angle, the controls, and the feedback gains, are functions
of two variables:

E, (22)

These eight functions, represented via spline lattices, are to
be stored for onboard use. The particular choice of the non-
dimensional variable x' accounts for the exponential charac-
ter of the heading transient and ensures that the reference
variables can be accurately represented by the spline lattices
over the entire range of energy and heading.

It is noted that the control laws of Eq. (21) are indepen-
dent of the crossrange y. The execution of these laws during
an engagement may therefore actually cause the interceptor
to fly parallel to rather than behind the target in the dash
phase of the mission. Assuming that the initial crossrange is
small compared to the total range-to-go, a simple offset cor-
rection can be devised to overcome this problem. The offset
correction is obtained by adding a correction term to the
measured value of the heading angle:

AX= (23)

In Figs. 5 and 6, the reference feedback control maps are
shown. The regions where the load factor is constrained [by
either Eq. (8) or Eq. (9)] are cross-hatched in Fig. 5. The
gap separating the two constrained-control areas has been
the subject of speculation. In this region, the aircraft dives
through the transonic region while executing a rather hard
turn. It is conjectured that the load factor is slightly reduced
below its constrained level in order to temper the effect of
the transonic drag rise.

Feedback Gains
The feedback gains in the guidance scheme are obtained in

the difference-quotient approximation as the average of the
forward and backward differences. To this end, for each in-
itial condition, calculations are redone with small perturba-
tions from the reference values in altitude and flight-path
angle. The feedback gains are evaluated along the reference
trajectories by successively treating intermediate points as
"new" initial conditions. In order to compute the feedback
gains accurately, highly accurate state-Euler solutions are
needed.10'11 The MS A proved to be an extremely powerful
tool in this respect.

VI. Numerical Examples
The guidance scheme was tested in digital simulation runs

using a point-mass vehicle model. The range of validity of
the feedback laws was examined by comparing approximate
feedback solutions to open-loop state-Euler solutions for a
wide variety of initial conditions. It was found that the feed-
back laws perform more than satisfactorily, even for extreme
deviations from the nominal state. To illustrate this, a
numerical example is presented. The initial conditions for
this example are

= 75000 ft

h0= 62500 ft

dh

dy

-(E,x')[h-hK((E,x')}

(21b)

Evidently n^ is subjected to the constraints of Eqs. (8) and
(9). The sign of ̂  is selected such that \x\ decreases in time

The reference variables, i.e., altitude, flight-

The results are shown in Figs. 7-11. The correspondence be-
tween the open-loop optimal and approximate feedback
solutions is remarkably close. This particular example shows
that even for a deviation of altitude from its nominal value
in excess of 20,000 ft, an extremely accurate solution can be
achieved.

In all, more than a hundred simulation runs were made.20

All examples examined (with - 45 < y0 < 45 deg) had an ac-
curacy in terminal payoff of 1% or better.
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VII. Concluding Remarks
An automatic guidance scheme for a three-dimensional

aircraft intercept mission has been developed. The scheme
employs state-Euler solutions for a point-mass model but
makes use of singular-perturbation ideas in terms of a hierar-
chical trajectory-family structure. Indeed, the turn-climb
schedules that emerge, fair gracefully into a cruise-dash.
Numerical examples revealed that, despite their linear
nature, the feedback laws perform accurately even for large
departures from the nominal state. Although a substantial
numerical effort is required for the synthesis of the feedback
laws, the actual onboard execution of the feedback laws is
rather simple. In eventual onboard real-time implementation
of the scheme contemplated, first-order corrections for
weight variation, off-nominal ambient temperature, and
winds-aloft will be required. On the indication of the results
presented herein, the concept appears to hold promise for ex-
tension to other mission performance criteria, such as a
weighted combination of time and fuel consumed.
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